EXTREMAL METRICS AND STABILITIES 
ON POLARIZED MANIFOLDS 



TOSHIKI MABUCm* 

1. Introduction 

Let M be a compact complex connected manifold. As an introduction to 
our subjects, we recall the following well-known conjecture of Calabi j3]: 

Conjecture, (i) // Ci(M)]r < 0, then M admits a unique Kdhler- Einstein 
metric uo such that Ric(u;) = —uj. 

(ii) // Ci(M)]R = 0, then each Kdhler class on M admits a unique Kdhler- 
Einstein metric oj such that Ric(ti;) = 0. 

(iii) For Ci{M)^ > 0, find a suitable condition for M to admit a Kdhler- 
Einstein metric u such that Ric(to') = uj. 

Based on the pioneering works of Calabi [Hj , [Zj and Aubin P , a complete af- 
firmative answer to (i) and (ii) was given by Yau jlHj by solving systematically 
certain complex Monge- Ampere equations. However for (iii), sufficient condi- 
tions are known only partially by Siu [H] , Nadel [HZj , Tian , IS] , Tian and 
Yau |in], Wang and Zhu [S2], where some necessary conditions were formu- 
lated as obstructions by Futaki and Matsushima |H1] (see also Lichnerrow- 
icz 1231 )• This (iii) mainly motivates our studies of stabilities and extremal 
metrics, while an analysis of destabilizing phenomena caused by nonexistence 
of Kahler-Einstein metrics allows us to obtain very nice by-products such as 
Nadel's vanishing theorem via the use of multiplier ideal sheaves. 

2. Stability for manifolds in algebraic geometry 

In Mumford's GIT jSH] , moduli spaces of algebraic varieties are constructed 
via the theory of invariants, where varieties are described by numerical data 
modulo actions of reductive algebraic groups. Then roughly speaking, stable 
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points are those away from very bad points in moduli spaces. For a precise 
definition, consider a representation of a reductive algebraic group G on a 
complex vector space W. Let w eW. We denote by the isotropy subgroup 
of G at w. 

Definition 2.1. A point w E W is said to be stable (resp. properly stable ) if 
the orbit G ■ w is closed in W (resp. G ■ w is closed in W with IG^^I < oo). 

For moduli spaces of polarized varieties, the Chow-Mumford stability and 
the Hilbert-Mumford stability are known. Hereafter, by a polarized manifold 
(M, L), we mean a very ample holomorphic line bundle L over a nonsingular 
projective algebraic variety M defined over C, where arguments in this section 
has nothing to do with the nonsingularity of M. Now for a polarized manifold 
{M,L), put n := dimM and let m be a positive integer. Then associated to 
the complete linear system we have the Kodaira embedding 

Lm-.M ^ F*{Vm), 

where ¥*{Vm) denotes the set of all hyperplanes in := H^{M,0{L'^)) 
through the origin. Let dm be the degree of im{M) in the projective space 
P*(K.). Put Gm SLc(Kn) and := where is 

the dyn-th symmetric tensor product of the space V^. Take an element Mm 7^ 
in such that the associated element [Mm] in ¥*{Wm) is the Chow point 
of the irreducible reduced algebraic cycle Lm{M) on P*(T4i). For the natural 
action of Gm on W^, we now apply Definition 2.1 above to G = Gm and 

W^Wm-. 

Definition 2.2. (a) (M, L"^) is said to be Chow-Mumford stable (resp. Chow- 
Mumford properly stable) if Mm in is stable (resp. properly stable). 

(b) (M, L) is said to be asymptotically Chow-Mumford stable (resp. asymptoti- 
cally Chow-Mumford properly stable) if, for m ^ 1, (M, L"*) is Chow-Mumford 
stable (resp. Chow-Mumford properly stable). 

Let m and k be positive integers. Then the kernel I„i k of the natural homo- 
morphism of S'^^Vm) to Vmk '■= H^{M, (9(L™^)) is the homogeneous ideal of de- 
gree k defining M in P*(Kri)- Put Nmk ■= dim Vmk and 7^,^ := dim Im,k- Then 
/\7m,fc/^^^ is a complex line in the vector space Wm,k '■— A'"''"-'' (5*^(^71)). Take 
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an element Wm,k 7^ in A"'"^''=Im,k- For the natural action of Gm '■= SLciVm) 
on Wm,k, we apply Definition 2.1 to G = Gm and W = Wm,k- 

Definition 2.3. (a) (M, L™) is said to be Hilbert-Mumford stable (resp. 
Hubert- Mumford properly stable) if we^k G We^k is stable (resp. properly stable). 

(b) (M, L) is said to be asymptotically Hilbert-Mumford stable (resp. asymp- 
totically Hilbert-Mumford properly stable) if, for all m ^ 1, (M, L*^) is Hilbert- 
Muford stable (resp. Hilbert-Mumford properly stable). 

A result of Fogarty [17^ shows that, if (M, L™) is Chow-Mumford stable, 
then (M, L™) is also Hilbert-Mumford stable. Though the converse has been 
unknown, the relationship between these two stabilities are now becoming clear 



Stability for manifolds is an important subject in moduli theories of algebraic 
geometry. Recall, for instance, the following famous result of Mumford jHS] : 

Fact 1: If L is an ample line bundle of degree d > 2g + 1 over a compact 
Riemann surface G of genus g > 1, then [G, L) is Chow-Mumford properly 
stable. 

For the pluri-canonical bundles Kf^ on M, m ^ 1, using the asymptotic 
Hilbert-Mumford stability, Gieseker [20] generalized this result to the case 
where M is a surface of general type. For higher dimensions, a stability re- 
sult by Viehweg |1H] is known in the case where the canonical bundle Km is 
semipositive. However, both for the results of Gieseker and Viehweg, the proof 
of stability is fairly complicated, while the underlying manifold (or orbifold) 
admit a Kahler-Einstein metric. 

3. The Hitchin-Kobayashi correspondence and its manifold 



For a holomorphic vector bundle E over an n-dimensional compact Kahler 
manifold {M,u), we say that E is Takemoto- Mumford stable if 



ANALOGUE 



J^,^ci{S)u 

Tk{S) 



< 



J^,jCi{E)uj 

Tk{E) 
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for every coherent subsheaf S of 0{E) satisfying < rk(i5) < Yk{E). Recall 
the following Hitchin-Kobayashi correspondence for vector bundles: 



Fact 2: An indecomposable holomorphic vector bundle E over M is Takemoto- 
Mumford stable if and only if E admits a Hermitian- Einstein metric. 

This fact was established in 1980's by Donaldson Kobayashi [22], Liibke 
j2S], Uhlenbeck and Yau jl?]. As a manifold analogue of this conjecture, we 
can naturally ask whether the following conjecture (known as Yau's conjecture) 
is true: 

Conjecture. The polarization class of (M, L) admits a Kdhler metric of 
constant scalar curvature {or more generally an extremal Kdhler metric) if 
and only if (M, L) is asymptotically stable in a certain sense of GIT. 

For "only if" part of this conjecture, the first breakthrough was made by 
Tian ^3] . By introducing the concept of K-stability, he gave an answer to the 
"only if" part for Kahler- Einstein manifolds, and showed that some Fano man- 
ifolds without nontrivial holomorphic vector fields admit no Kahler-Einstein 
metrics. A remarkable progress was made by Donaldson J3] who showed the 
Chow-Mumford stability for a polarized Kahker manifold (M, uj) of constant 
scalar curvature essentially when the connected linear algebraic part H of the 
group Aut(M) of holomorphic automorphisms of M is semisimple. In the 
present paper, we shall show how Donaldson's work is generalized to extremal 
Kahler cases without any assumption of H (see also [21], jS2])- The relation- 
ship between this generalization and a recent result by Chen and Tian [T^ will 
be treated elsewhere. 



For a polarized manifold (M, L), take a Hermitian metric h for L such 
that uo := Ci{L;h) is a Kahler form. Define a Hermitian pairing on Vm '■= 



4. The asymptotic Bergman kernel 



H%M,0{L"')) by 
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where ( , )h denotes the pointwise Hermitian pairing by /i™ for sections for 
L"*. For an orthonormal basis {ai,a2, . . . ,<Jiy^^} of V^, we put 

(1) Bm,u, ■= -{Wl\h+W2\l^ \-WnJI), 

where \aW := (cr, cr)/i for a G Vm- This -Bm,a; is called the m-th Bergman 
kernel for (M, cu) (cf. Tian ^Hj, Zelditch 50 , Catlin j^), where we consider 
the asymptotic behavior of B.^^^ as m ^ oo. Note that -Bm,^ depends only on 
(m,u;), and is independent of the choice of both h and the orthonormal basis 
for Vm- Next for 

D := {teV- \^\h<l], 

the boundary X := dD = G L*; \i\h = 1} over M is an S^-bundle. Let 
pr : X M be the natural projection. We now consider the Szego kernel 

:= S^{x,y) 

for the projection of L'^{X) onto the Hardy space L'^{X)nT{D, O) of boundary 
values of holomorphic functions on D. Then for each positive integer m, the 
corresponding m-th Bergman Kernel -Bm,a; for the Kahler manifold (M, uj) is 
characterized as the Fourier coefficient 

W*Bm,u. := — - / e-'^' S^{e''x,x)de. 

Now the Bergman kernel is defined not only for positive integers m, but also for 
complex numbers ^ as follows. To see the situation, we first consider the case 
where M is a single point. Then in place of S^{e^^x,x), consider a smooth 
function S = S{6) on := R/27rZ for simplicity. The associated Fourier 
coefficient Bm is 

Bm = [ e"^™^ 8(9) d9 

for each integer m ^ 0. Then for open intervals Ji := (— 37r/4, 37r/4) and 
I2 = (7r/4, Tn/A) in R, we choose the open cover 

= UiU U2 

where Ui := h mod 2tt and U2 '■= I2 mod 27r. By choosing a partition of unity 
subordinate to this open cover, we write 

+ = 1, ees\ 
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where pa € C°°{S^)m., a = 1,2, are functions > satisfying Supp(pQ,) C Ua- 
For the coordinate 9 for M, writing 9 mod 2n as 9, define Pa G C°°(M)]r, 
a = 1,2, by 

Pa{9), 9el^ 
0, H la- 

Then the Fourier transform J^{S) = J-'{S){C,) of S is an entire function in ^ G C 
defined as the integral 

= [ e-'^' {Pi{9)+P2{9) } S{9) de, e e C, 
Jr 

satisfying J^{S){m) = for all integers m. Though J-'{S) may depends 
on the choice of the partition of unity, its restriction to Z is unique. This 
situation is easily understood for instance by the fact the functions JF(S')(^) 
and JF(S')(^) + sin(7r^) in ^ coincide on Z. 

Now the above process of generalization from the Fourier series to the Fourier 
transform is valid also for the case where the base space M is nontrivial. 
Actually, we define an entire function B^ ^^ in ^ G C by 

pr*S^,^ := — / e~'^' {pi{9)+p2{9)}SUe''x,x)d9. 

By setting q := C,^^, we study the asymptotic behavior of B^^^, as g ^ along 
the positive real line { g > }. Let a^^ denote the scalar curvature of the Kaler 
manifold (M, u;). Then as in discrete cases by Tian Zelditch [SU], Catlin 
jl] , the asymptotic expansion of B^ ,^ in q yields 

(2) B^^^ = 1 + ai{uj)q + a2iuj)q^ + . . . , < g < 1, 

where ai^u) = a^l2 by a result of Lu ^24,. For more details of the expansion 
in discrete cases, see also Hirachi 



5. Balanced metrics 

Choose a Hermitian metric h for L such that lo := Ci(L; h) is a Kahler form. 
Then uj is called an m-th balanced metric (cf. jHI], (^H]) for (M, L), if B^.^ 

is a constant function (= Cm) on M. First, put q := 1/m. By integrating (1) 

6 



and (2) on the Kahler manifold {M,uj), we see that Cm is written as 

where the left-hand side is the Hilbert polynomial P{'m) for (M, L) divided by 
rrfci{LY[M]/n\. Hence, it is easy to define by setting 

= ^^(L)" [M] ' ^ ^ 

Put := d*d + dd* on (M, cj). Define the modified Bergman kernel Pg^^^ by 

(4) f3g,^ := 2e (1 + y A^) (Sg,^ - Q) = - + 0{q), 

where the average of the scalar curvature is nci{M)ci{L)'"'^^[M]/ci{L)"'[M] 
independent of the choice of u in Ci(L)ir, and we now put q := 1/^. Then for 
^ = m, u; is an m-th balanced metric for (M, L) if and only if jSq^oj vanishes 
everywhere on M. Recall the following result by Zhang (cf. [26j; see also 

my- 

Fact 3: (M, L™) is Chow-Mumford stable if and only if {M, L) admits an m-th 
balanced metric. 

Consider the maximal connected linear algebraic subgroup H of Aut(Af), so 
that the identity component of Aut{M)/H is an Abelian variety. Let us now 
choose an algebraic torus T = (C*)^ in the connected component Z'^ of the 
center of the reductive part R{H) for H in the Chevalley decomposition 

H = R{H) X H.,, 

where is the unipotent radical of H. Replacing L by its suitable positive 
multiple, we may asssume that the if-action on M is lifted to a bundle action 
on L covering the if-action on M. For each character x ^ Hom(T, C*), we set 

Wx ■■= {(J eVm] (y - g = xi9)(y for a\\ g eT }, 

where x T 3 {a, g) ^ a ■ g is the right T-action on = H^{M, Oi.L"')) 
induced by the left iJ-action on L. Now we have characters Xk ^ Hom(T, C*), 
A; = 1, 2, . . . , r^, such that the vector space Vm is expressible as a direct sum 



= WXk. 



k=l 
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For the maximal compact torus in T, we may assume that both h and u 
are Tc-invariant. Put := {1, 2, ... , N^}, where '■= dim V^. Choose an 
orthonormal basis { 0"i, (72, ... , cr^^ } for Vm such that all (Xj, j G Jm, belong 
to the union W'lIl-^Wxk- Hence, there exists a map k, : ^ {^,'^, ■ ■ ■ ,rm} 
satisfying 

Put t]8 := itc for the Lie algebra tc of T^, where i := y/^. For each y E Ir, 
by setting g := exp(3^/2), we put hg := h ■ g for the natural T- action on the 
space of Hermitian metrics on L. Define the m-th weighted Bergman kernel 
Bm,ui,y, twisted by 3^, for {M,u) by setting 



m" 



Dm,w,y .— — - 2^\<^j\h„ - 9 \ — - y, 1 T~\\ 



Then uj is called an m-th T -balanced metric on (M, L) if Bm,uj,y is a constant 
function (= Cm.y) on M for some y E t. Consider the natural action of the 
group 



k=l 

acting on Vm = ©fc=iW^Xfc diagonally (factor by factor). We say that {M,L"^) 
is Chow-Mumford T-stahle if the orbit Gm ■ Mm is closed in W^. Note that 
(cf. 1301) 

Fact 4: If M admits an m-th T-balanced metric on {M,L), then {M,U^) is 
Chow-Mumford T-stable. 

We shall now extend { Bm,u),y ; m = 1, 2, . . . } to { -8^,^,3; ; ^ G C } in such a 
way that Bm,Lu,y coincides with B^^^y^^^^ for all positive integers m. By the 
definition of Bm,oj,y (see also [HU], p. 578) the equality Bm,u,y = Bm,oj{hg/h)"^ 
always holds. Hence we put 

(5) 5^,^,^ := B^^^-{hg/h)^ = B^,^exp{^\og{hg/h)}, ^ e C. 

Once B^^i^ y is defined, we can also define C^y, ^ G C, in such a way that Cm,y 
coincides with C^y^^^^. Actually, we put 

B^,oj,y 

'M 



(6) C,,y := f r^C:... 9*^ 



Ci(L)"[M] " 



6. A SIMPLE HEURISTIC PROOF OF DONALDSON'S THEOREM 

In this section, we shall show that a heuristic application of the implicit 
function theorem simplifies the proof of Donaldson's theorem jHj. Fix a Kahler 
metric uq in ci(L)]r of constant scalar curvature. Assume that the group H 
in the previous section is trivial. For each Kahler metric u in ci(L)k, we can 
associate a unique real-valued smooth function on M such that 

with normalization condition J^^ipujQ = 0. For an arbitrary nonnegative inte- 
ger k and a real number a satisfying < a < 1, we more generally consider the 
case where ip G C^^'*'"(M)ik, so that u; is a (7'^+^'" Kahler metric on M. The 
Frechet derivative D^a^j at a; = cuq of the scalar curvature function u ^-^ is 
given by 

where : C'^"'"^'"(M)]r — > C*''°'(M)]r is the Lichnerowicz operator for the 
Kahler metric ujq (cf. [22] , IE!)- Then by (4), the Frechet derivative D^Pg^^^ 
of /3q,aj with respect to a; at (g, u) = (0, Uq) is written as 

where L^^, is an invertible operator by the triviality of H. By setting q := 1/^, 
we move q in the half line M>o := {0} U{1/^;^ >0}. Replacing q by if 
necessary, we apply the implicit function theorem to the map (g, tu) t-^- Pg^^. 
(The required regularity for this map is rather delicate: By using Theorem 
1.5 and §2.c, we can write both 5^ ^^ and its Lj-derivative as integrals similar 
to (18) in jHO]. Then the estimate of the remainder term in the asymptotic ex- 
pansion for Bm,Lu in [SU], Theorem 1, is valid also for the asymptotic expansion 
of B^^^ and its (X'-derivative. However, we need more delicate estimates to see 
the continuity for Pg^^ and its w-derivative. Related to Nash-Moser's process, 
this will be treated elsewhere.) Then we have openness of the solutions for the 
one-parameter family of equations 



(7) 



P,,^ = 0, g>0, 

9 



i.e., there exists a one-parameter family of solutions u = u!{q), < q < 

e, for (7) with uj{0) = ujq, where e is sufficiently small. Hence by Fact 3 in 
Section 5, (M, L™) is Chow-Mumford stable for all integers m > 1/e. □ 

7. The case where M admits symmetries 

In this section, we consider a polarized manifold (M , L) with an extremal 
Kahler metric Uq in ci(L)r. Then following Section 6, a result on stability in 
|S2] will be discussed. Let V be the associated extremal Kahler vector field 
on M. Assume that H is possibly of positive dimension. Then the identity 
component K of the isometry group of (M, uq) is a maximal compact subgroup 
in H. Let 3 be the Lie algebra of the of the identity component Z of the center 
of K. 

Step 1. As the first step, we assume that the algebraic torus T in Section 5 
is the complexification of Z in H , so that the Lie algebra t of T coincides 
with the Lie algebra 3*^ of Z"^. Let q G M>o, where we set g = 1/,^ for the part 
< G M. Take an element W in the Lie algebra 3. Let a; be a Kahler metric 
in the class Ci(L)k. Then by setting y := iq^iV + W) for i := \/^, we can 
now consider the following modified weighted Bergman kernel 

/?,,^,w := 2e (1 + y A J {B^^^y - i G C, 

where we used (5) and (6) in defining B^^^y and C^^y. For the Kahler manifold 
(M, cj), consider the Hamiltonian function 0"^^ G C°°(M)]r for V characterized 
by 

Vjo; = da^^ and / cr^a;" = / a^cu". 

JM J M 

For each Z G 3, the associated Hamiltonian function /^^^ G C°°(M)]k is 
uniquely characterized by the identities Z ^uj = df^^ and Jj^.^fzui^" = 0- 
Note that V G 3. Then in this case also, as in (4), we obtain 

(8) f3q,cu,W = (^uj- ^w- fw,i^ + 0{q). 

Choose an arbitrary nonnegative integer C. with a real number < a < L For 
the space JF^ of all i^-invariant functions / G C^'°(M)]r satisfying J^^ fujQ = 0, 
by setting Af := KerL^^ fl J-'e, we have the identification 

6: i = M, Z ^ e{Z) := 
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where M is independent of the choice of I. Then the vector space is written 
as a direct sum where A/"/ is the space of all functions / in T(, such that 

JvlOq — for all u e N". For an arbitrary integer A; > 0, we make a small 
perturbation of cuq by varying cu in the space {cuq + y/^dd(fi; (f e ^"^+4}- 
Since cuq is an extremal Kahler metric, we see from (8) that Pq,u),w vanishes at 
{q,u;,W) = (0,u;o,0), i.e., 

Po,ojo,o = on M . 

Again from (8), we see that the Prechet derivatives D^I3q^^^y^ and Dy^fiq^^y^; of 
/5g,t^,w at {q,uJ,y) = (0,ci;o,0) are 

Since : A/'^4 is invertible, and since 9 is an isomorphism, the 

implicit function theorem is now applicable to the map: (g, a;,VV) 1— > I3q^^^;y^. 
Then for some < e <^ 1, we can write 

u^u{q) and W = < g < £, 

solving the one-parameter family of equations 

/5g,a,,W = 0, g > 0, 

in (a;,>V). Hence by setting y{q) :— iq^{V + yV{q)) for q — 1/m, the m-th 
weighted Bergman kernel B,n.^,{q).y{q) is constant on M for all m > 1/e. Then 
by Fact 4 in Section 5, (M, L™) is T-stable for all m > 

S'tej* 2. Though we assumed that T (cf. Section 5) coincides with Z'^ in the 
first step, it is better to choose T as small as possible. Then for a sufficiently 
small positive real number £, the algebraic torus T in Z'^ generated by 

IJ { V + W(?), iV+ } 

l/£<meZ 

is a good choice, where q = 1/m and i :— -\/— T. 
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8. Concluding remarks 



For Conjecture in Section 3, "if" part is known to be a difficult problem, 
and is of particular interest. Assuming that a polarized manifold (M, L) is 
asymptotically Chow-Mumford stable, we are asked whether there exist Kahler 
metrics of constant scalar curvature in Ci(L)k. For simplicity, we consider the 
case where H is trivial. Then by Fact 3, the equation 

(9) f3g,^ = 

has solutions (g, a;) = (1/m, o;^), 1, while each o;^ is an m-th balanced 

metric for {M,L). Moreover, the triviahty of H imphes that is the only 
m-th balanced metric for {M,L). Then we are led to study the graph 

E {(g,^);/?,,, = 0} 

in C X /C, where K, is the space of all Kahler metrics in the class ci(L)k. Let 
v., M.he the sets of all Hermitian metrics for L,Vm, respectively. Consider 
the Prechet derivative D^f3g^^ at {q,uj) = (l/m. ujm) ^ E, where m 1. With 
the same setting of differentiability as in Section 6, the Frechet derivative will 
be shown to be invertible. 

Let us give a rough idea how the invertibleness can be proved. It suf- 
fices to show that the operator D^Bm,u) is invertible at a; = cUm- Choose 
a Hermitian metric hm for L such that Ci(L;/i^) = cUm- Put ^ := {■^ e 
C°°(M)k; jt^i^uj^ = 0}. Let (/? e Then the M-orbit in H through hm 
written in the form 

(10) h^.t := e-'^^h^, t e M, 

projects to the M-orbit cu^^t := Um + \/— It dd(f, t E M, in K. through Um- Note 
also that every Hermitian metric h for L induces a Hermitian pairing < , >^2 
which will be denoted by (Vm, h) (cf. Section 4). Choose an orthonormal basis 
{(Ji, (72, ... , (TNm} for {Vm-i hm)- Let $ be the space of all 93 e such that 

{d/dt)(h^,t)\t=o = on K». 

In other words, if 99 G $, then the basis {ai, (T2, . . . , ct^^} infinitesimally re- 
mains to be an orthonormal basis for {Vm, h^,t) at t = with t perturbed a 
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little. Since 

Bm,ui ■= Will + \cr2\l H h IcTat^I^ 

is obtained from the contraction of S := (TiCTi + cr20"2 + ■ ■ ■ + crNm^Nm by h"^, 
and since E is fixed by the infinitesimal action {d/ dt){h^t) at t = in (10), 
we obtain 

(11) [dldt){B^,^J\t=o = {d/dt){h^^,)\,=o = -rmp. 

Let EI denote the set of all Hermitian metrics on Vm- Then we have a natural 
projection tt : — >• ^^^EI defined by 

{d/dt){h^^t)\t=Q ^ {d/dt){h^^t)\t=o- 

In view of dimT^^^H < +00, it is now easy to see that this map is surjective. 
Since the kernel of this map is we obtain 

(12) v[//$ - T^^H. 

Now by (11) and (12), the uniquness of a balanced metric (by H = {1}) implies 
the required invertibleness of the Frechet derivative, (see also Donaldson jTB]). 

□ 

Now we can apply the implicit function theorem to obtain an open neigh- 
borhood U of 1/m in C such that, for each ^ G ?7, there exists a unique Kahler 
metric co'(^) in ci(L)k satisfying P^,uj(() = 0. 

Assuming nonexistence of Kahler metrics of constant scalar curvature, we 
have some possibility that, by an argument as in Nadel, destabilizing objects 
are obtained by studying the behavior of the solutions along the boundary 
point of £. 

Finally, there are many interesting topics, which are related to ours, such 
as the geometry of Kahler potentials [10], P jHEl jlHI (see also [2H])- The 
uniqueness of extremal Kahler metrics modulo the action of holomorphic au- 
tomorphisms in compact cases are recently given by ^21 (cf. [21 , ^M)- New ob- 
structions to semistability of manifolds or to the existence of extremal metrics 
are done by [THj, [201, |I2j- The concept of K-stability, introduced by Tian [IHj 
and reformulated by Donaldson [12], is deeply related to the Hilbert-Mumford 
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stability criterion, and various kinds of works are actively done related to al- 
gebraic geometry. 
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